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Abstract
Extremely anisotropic metal-dielectric multilayer metamaterials are designed to have the
effective permittivity tensor of a transverse component (parallel to the interfaces of the
multilayer) with zero real part and a longitudinal component (normal to the interfaces of the
multilayer) with ultra-large imaginary part at the same wavelength, including the optical
nonlocality analysis based on the transfer-matrix method. The diffraction-free deep-
subwavelength optical beam propagation with near-zero phase variation in the designed
multilayer stack due to the near-flat iso-frequency contour is demonstrated and analyzed,
including the effects of the multilayer period and the material loss.

Keywords: multilayer metamaterials, extreme anisotropy, diffraction-free near-zero phase
variation propagation, optical nonlocality

(Some figures may appear in colour only in the online journal)

1. Introduction

Light beam propagating beyond diffraction limit with deep-
subwavelength confinement and near-zero phase variation is
highly desirable in many optical integration applications. In
order to realize such intriguing optical beam propagation
phenomena, optical materials are required to possess an
extremely anisotropic effective refractive index tensor with an
ultra-high component perpendicular to the propagation
direction to support the light beam of large wave vector and
an ultra-low component in the propagation direction to reduce
the phase variation of the light beam simultaneously. Optical
metamaterials with artificial subwavelength meta-atoms and
tunable effective permittivity and effective permeability have
been designed to exhibit ultra-high effective refractive index
so as to achieve large wave vectors [1, 2], as well as to have
zero effective refractive index for obtaining the optical beam
propagation with zero phase variation [3, 4]. Among all these
designs, the metal-dielectric multilayer metamaterials are of

great interest in demonstrating many exciting applications
such as negative refraction [5], epsilon-near-zero (ENZ)
materials [6–9], and epsilon-near-pole (ENP) materials [10].
Particularly, possessing an indefinite permittivity tensor, the
multilayer metamaterials are of unique applications in sub-
wavelength imaging [11, 12], enhanced photonic density of
states [13], broadband light absorbers [14–16], ultra-high
refractive indices for subwavelength optical waveguides [17],
indefinite cavities [18, 19], broadband spontaneous emission
engineering [20–22], super-Plank thermal emission [23–25],
ultra-large-wavevector plasmon polaritons [26–28], and other
exceptional properties [29–31].

In our previous work [32], the extremely loss-aniso-
tropic metal-dielectric multilayer metamaterials are
designed in order to realize the diffraction-free optical beam
propagation mainly based on the effective medium theory
(EMT) and the operation wavelength is adjusted from the
dispersion relation of the multilayer stack. However, the
effective permittivity tensor including the optical non-
locality is not well considered in the analysis. Therefore, in
the present work, a new kind of metal-dielectric multilayer
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metamaterials are designed to have the extremely aniso-
tropic effective permittivity tensor for the demonstration of
both the diffraction-free optical beam propagation and the
near-zero phase variation along the propagation direction,
based on a theoretical analysis of the effective permittivity
tensor including the optical nonlocality. The designed
multilayer metamaterials will have the effective permittivity
tensor with a near-zero transverse component parallel to the
multilayer and an ultra-large longitudinal component in the
imaginary part normal to the multilayer at the same wave-
length, which represents the ENZ–ENP wavelength. The
near-zero transverse component of the effective permittivity
tensor leads to the near-zero phase variation during the
propagation of the electromagnetic wave. On the other
hand, the longitudinal component with an ultra-large ima-
ginary part of the effective permittivity tensor will reduce
the diffraction of the electromagnetic wave [33, 34]. The
filling ratio of metal in the metal-dielectric multilayer stack
with respect to the ENZ–ENP wavelength is fully analyzed
according to the transfer-matrix method including the
optical nonlocality, while the performance of the deep-
subwavelength optical beam propagation with near-zero
phase variation is also explored with respect to the variation
of the material loss. In the following sections, the diffrac-
tion-free optical beam propagation with near-zero phase
variation is discussed in theoretical analysis based on EMT
and optical nonlocality, together with numerical simulation
in section 2, followed by the conclusion in section 3.

2. Theory and discussion

2.1. EMT and optical nonlocality

Illustrated in figure 1(a), the metal-dielectric multilayer stack
is composite of alternating layers of silver (Ag) and titanium
pentoxide (Ti O3 5), with the thickness am and ad, respectively.
The permittivity of Ag follows the Drude model
ε ε ω ω ωγ= − +∞ ( )im p

2 2 , with the permittivity constant

ε =∞ 5.7, the plasma frequency ω = × −1.37 10 rad sp
16 1,

and the damping factor γ Δ= × −· (8.5 10 ) rad s13 1.
According to the previous experimental demonstration [35],
the material loss of Ag can be reduced by the annealing
process so that the damping factor γ is decreased. Here the
damping factor ratio Δ is included in order to tune the material
loss of Ag and is set to be Δ = 0.1 in the following analysis.
The permittivity of Ti O3 5 is ε = 5.83d . When the thickness of
each layer is sufficiently small, i.e., ≪ka 1, where k is the
wave vector in the layer and a is the thickness of the layer
[36], the multilayer stack can be regarded as a homogeneous
anisotropic effective medium with a permittivity tensor based
on the EMT

ε ε ε

ε ε ε

= +

= + −( )
f f

f f

,

, (1)

xy m m d d

z m m d d

EMT

EMT 1

which is related to the filling ratio of Ag and Ti O3 5,

= +f a a a( )m m m d and = +f a a a( )d d m d . According to
equation (1), it is interesting that if the real part of the permit-
tivity of Ag is greater than that of the imaginary part, i.e.,

ε ε≫Re( ) Im( )m m , the EMT-based ENZ wavelength (where
ε =Re( ) 0xy

EMT ) and the EMT-base ENP wavelength (where the

maximum of εIm ( )z
EMT is obtained) can be approximately

associated with the EMT-based filling ratio of Ag as ≈fm
EMT

ε ε ε−( )Re( )d d m and ε ε ε≈ − −( )f Re( ) Re( )m m d m
EMT ,

respectively. Therefore, the EMT-based ENZ–ENP wavelength
is related to the approximate condition of ε ε= −Re ( )d m ,
which implies that once the EMT-based ENZ wavelength
overlaps with the EMT-based ENP wavelength, the EMT-based
filling ratio of Ag should be ≈f 1 2m

EMT . Further algebraic
calculation indicates that the accuracy result of the EMT-based
filling ratio of Ag is =f 0.500m

EMT ,with respect to the per-
mittivity of Ag in terms of Drude model and the permittivity of
Ti O3 5. Correspondingly, the EMT-based effective permittivity
tensor reads ε = + i0.000 0.012xy

EMT and ε = +7.238z
EMT

i2798.497 , presenting an extremely anisotropic permittivity
property of the multilayer stack. Regarding a TM-polarized
light with non-vanishing Ex, Hy, and Ez field components pro-
pagating along the z-direction in the x-z plane, the iso-frequency
contour (IFC) of the multilayer stack reads

ε ε+ =k k k , (2)x z z xy
2 EMT 2 EMT

0
2

while considering the extremely anisotropic permittivity prop-

erty, i.e., ε ε≫ ≫ ≈1 0z xy
EMT EMT at the EMT-based ENZ–

ENP wavelength, the IFC equation in equation (2) can be
approximately written as

ε ε

ε ε ε

= −

≈ −

( )
( )

( )

( )

k k k k

k k

1

2 . (3)

z xy x z

xy xy x z

0
EMT

0
2 EMT

EMT EMT
0

2 EMT

Therefore, as shown in figure 1(b), according to
equation (3), the IFC of the multilayer stack at the EMT-
based ENZ–ENP wavelength forms flat lines of the value

ε≈k k ( )z xy0
EMT 1 2 with respect to a wide k kx 0 wave vector

range, which leads to a diffraction-free optical beam pro-
pagation in the multilayer stack since all spatial components
propagate with the same phase velocity along the z-direc-
tion. Furthermore, due to the fact that ε =Re( ) 0xy

EMT and

ε ≪ 1xy
EMT , the phase variation of the diffraction-free

optical beam propagation in the multilayer stack is close
to zero.

However, previous studies show that the metal-dielectric
multilayer stack possesses strong optical nonlocality [36–39],
leading to the effective permittivity tensor not only related to
the frequency but also to the wave vector, especially when the
frequency approaches to the ENZ position of the structure.
Such optical nonlocality can be analyzed via the transfer-
matrix method, in which the multilayer stack is considered as
a one-dimensional photonic crystal with the dispersion
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relation to the TM-polarized light as

ε ε ε ε

+ =

− +
×

( ) ( ) ( )
( )

( ) ( )

k a a k a k a

k k k k

k a k a

cos ( ) cos cos

2

sin sin , (4)

z m d m m d d

m d d m d m m d

m m d d

with the wave vector ε= −k k ki i x0
2 2 for =i m d, .

Accordingly, the effective permittivity component in x- and y-
direction including the optical nonlocality reads

ε ε ε

ε ε ε ε

ε
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− +

+
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nonloc 2
0 0

0

0 0
2 2

⎡⎣

⎤⎦
On the other hand, the nonlocal effective permittivity com-
ponent in the z-direction can be analytically obtained
according to the effective permittivity definition
ε = 〈 〉 〈 〉D Ez z z

nonloc based on the transfer-matrix method. Due
to the optical nonlocality, the nonlocal ENZ wavelength and
the nonlocal ENP wavelength for the multilayer stack will be
different from the EMT-based ENZ–ENP wavelength.
Therefore, modification on the multilayer geometry is
necessary for a certain period of +a am d , in order to exactly
overlap the nonlocal ENZ wavelength with the nonlocal ENP
wavelength. Figure 1(c) shows an example about the nonlocal

effective permittivity components for a multilayer stack with
the period of + =a a 20 nmm d . Compared with the EMT
results, the nonlocal results clearly indicate the shift of the
ENZ–ENP wavelength from the EMT calculated position of
λ = 466.896 nmc

EMT to the new position of
λ = 468.424 nmc

nonloc , while the nonlocal effective permit-
tivity components are ε = + i0.000 0.012xy

nonloc and

ε = + i7.214 2800.879z
nonloc . Furthermore, the filling ratio of

Ag related to the optical nonlocality (nonlocal filling ratio for
short) also slightly changes to =f 0.501m

nonloc , with respect to
the period of the multilayer stack. In more detail, figures 2(a)
and (b) individually display the variations of the filling ratio
of Ag and the ENZ–ENP wavelength with respect to different
periods of the multilayer stack caused by the optical non-
locality. For comparison, the EMT results are also plotted. It
is clear that as the multilayer stack period gets larger, the
nonlocal filling ratio of Ag increases and the nonlocal ENZ–
ENP wavelength also shifts to a longer wavelength.

2.2. Diffraction-free and near-zero phase variation propagation

Based on the finite element method, the diffraction-free
optical beam propagation with near-zero phase variation is
demonstrated according to the numerical simulation in terms
of two anti-phase TM-polarized Gaussian beams that are
excited via the stimulating port boundary condition with an
initial electric field distribution following the Gaussian

Figure 1. (a) Schematic of Ag–Ti O3 5 multilayer stack. (b) The IFC of the Ag–Ti O3 5 multilayer stack at the EMT-based ENZ–ENP
wavelength, where the wave vector k kz 0 possesses near-zero flat real part (red lines) and imaginary part (black lines), compared with the IFC
of air (green circle). (c) The EMT-based (dashed curves) and the nonlocal (solid curves) effective permittivity components, with the marked
EMT-based (dashed vertical line) and the nonlocal (solid vertical line) ENZ–ENP wavelength.
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distribution function as − +( )x c wexp ( )0
2

0
2 , where c0

determines the beam centre and w0 determines the waist size.
Otherwise, the scattering boundary condition is applied to
prevent the unwanted scattering from other boundaries of the
simulation region. The simulation results are presented as the
amplitude of the electric field, normalized by the maximum
value. Figure 3 shows the calculated optical beam

propagation of the Gaussian beams with ultra-narrow beam
waists of =w 25 nm0 in the homogeneous anisotropic
effective medium at the EMT-based ENZ–ENP wavelength
of λ = 466.896 nmc

EMT . Besides, figure 4 shows the optical
beam propagation results calculated in the 20 nm period
multilayer stack at the nonlocal ENZ–ENP wavelength
λ = 468.424 nmc

nonloc . As shown in figures 3(a) and 4(a), it is

Figure 2. The variation of (a) the filling ratio of Ag and (b) the ENZ–ENP wavelength with respect to different periods of the Ag–Ti O3 5

multilayer stack with optical nonlocality, compared with the EMT-based results representing the zero-period case.

Figure 3. The diffraction-free optical beam propagation with near-zero phase variation of two anti-phase deep-subwavelength TM-polarized
Gaussian beams in the effective medium for the case of (a) straight propagation, (b) 90° beam bending, and (c) 180° beam bending at the
EMT-based ENZ–ENP wavelength.

Figure 4. The diffraction-free optical beam propagation with near-zero phase variation of two Gaussian beams in the Ag–Ti O3 5 multilayer
stack for the case of (a) straight propagation, (b) 90° beam bending, and (c) 180° beam bending at the nonlocal-based ENZ–ENP wavelength.
(d) The optical beam propagation of two Gaussian beams off the nonlocal-based ENZ–ENP wavelength.
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clear that the deep-subwavelength Gaussian beams can pro-
pagate over a long distance ( λ>2 c

nonloc) without any wave
front distortion. At the same time, near-zero phase variation is
also obtained along the propagation direction. The centre-to-
centre distance of 120 nm for the two deep-subwavelength
Gaussian beams remains well-defined as the beams propa-
gating across the multilayer stack from the bottom to the top.
It is noted that the confinement and propagation of the deep-
subwavelength Gaussian beam inside the multilayer stack is
entirely due to the unique extremely anisotropic permittivity
property, and the optical beam path is well determined by the
beam launching position, which is distinguished from the
situation in a subwavelength optical waveguide [17], where
the optical mode is confined by the waveguide boundary.
Besides the straight optical beam propagation, the flow of
light can be flexibly modeled through controlling the local
geometry of the multilayer stack. For instance, the beam path
can be manipulated by gradually varying the direction of
multilayers, since the direction of the optical beam propaga-
tion is always vertical to the multilayer interface. The
designed geometries for achieving 90° and 180° bending of
deep-subwavelength Gaussian beams and the simulation
results are shown in figures 3(b) and (c) and 4(b) and (c), for
the effective medium and the multilayer stack, respectively. It
is noted that for the effective medium the anisotropic effective
permittivity tensor is transformed according to the geometric
relation between the global xyz-coordinates and the local vuw-
coordinates based on the transfermation optics as

ε

ε θ ε θ ε ε θ θ
ε ε θ θ ε θ ε θ

=
+ −

− +

↔
x z( , )

cos sin ( )sin cos

( )sin cos sin cos
. (6)

u w u w

u w u w

2 2

2 2

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

The results indicate that the flow of light can indeed be
manipulated while maintaining the diffraction-free propaga-
tion with near-zero phase variation. For comparison,
figure 4(d) presents the optical beam propagation at the
wavelength of λ = 464 nm, which is off the nonlocal ENZ–
ENP wavelength of the 20 nm period multilayer stack, while
the corresponding nonlocal effective permittivity components
read ε = +

λ=
i0.121 0.012xy

nonloc

464 nm
and

ε = − +
λ=

i336.266 42.895z
nonloc

464 nm
. It is clear that by

overlapping the ENZ wavelength and the ENP wavelength,
the multilayer stack with such an extremely anisotropic
effective permittivity tensor supports diffraction-free propa-
gation with near-zero phase variation. Also, it implies that the
diffraction-free propagation supported by the anisotropic
effective permittivity tensor is not extremely sensitive to the
value of wavelength, but for the near-zero phase variation, the
ENZ wavelength must be satisfied.

In the previous analysis, the damping factor ratio of Ag is
set as Δ = 0.1 in order to maintain a small material loss to
extend the propagation distance of the Gaussian beams. In
fact, the variation of the damping factor in the Drude model
will affect the optical beam propagation loss and the phase
variation. Figure 5(a) represents the variation of the

propagation length and the effective refractive index along the
propagation direction with respect to different damping factor
ratios of Ag. The effective refractive index is defined based
on the nonlocal effective permittivity component as

ε=n ( )z xy
nonloc 1 2 according to equation (5). The real part of the

effective refractive index nRe( )z is proportional to the phase
variation of the propagating beam, while the imaginary part

nIm( )z is inversely proportional to the propagation length of
the beam as λ π n(4 Im ( ))z , where λ is the wavelength of the
beam in free space. It is clear that as the damping factor ratio
of Ag gets larger, the real part of the effective refractive index
increases, leading to an obvious beam phase variation along
the propagation direction. On the other hand, the propagation
length also decreases as the material loss gets higher.
Figures 5(b)–(d) show the propagation of the two anti-phase
Gaussian beams in the 20 nm period multilayer stack with
different damping factor ratio of Δ = 0.1, 0.5, and 1.0 at the
nonlocal ENZ–ENP wavelengths, illustrating the depen-
dences of propagation length and phase variation on the
damping factor ratio of Ag. It is shown that a smaller material
loss will benefit the diffraction-free and near-zero phase
variation optical beam propagation in the multilayer stack.

Finally, it is worth mentioning that according to the
previous experimental work of optical hyperlens [11], our

Figure 5. (a) The variation of the propagation length (blue curve) and
the real part of the effective refractive index (red curve) with respect
to different damping factor ratios of Ag. (b)–(d) The diffraction-free
optical beam propagation with near-zero phase variation of two
Gaussian beams in the Ag–Ti O3 5 multilayer stack with respect to the
damping factor ratio of (b) Δ = 0.1, (c) Δ = 0.5, and (d) Δ = 1.0 at the
nonlocal-based ENZ–ENP wavelengths.
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above theoretical analysis of extremely anisotropic metama-
terials can be realized in experiments. The ultra-narrow
Gaussian beams can be achieved by inscribing nanometer
scale slots or holes into a thin chrome layer coated on the top
of the sample surface, while the impedance matching sub-
strate can be applied at the bottom of the multilayer stack in
order to reduce the reflection caused by the mismatched
impedance.

3. Conclusions

To conclude, extremely anisotropic metal-dielectric multi-
layer metamaterials with identical ENZ wavelength and ENP
wavelength have been designed based on the transfer-matrix
method including the optical nonlocality. Such metamaterial
possesses a near-flat IFC with wave vector values close to
zero over a broad wave vector range. This unique property is
utilized to obtain the diffraction-free deep-subwavelength
optical beam propagation with near-zero phase variation, and
it is demonstrated that the optical beam propagation can be
manipulated flexibly by tuning the direction of the multilayer
stack. The influences of multilayer period and material loss on
the optical beam propagation are also studied. The current
study is of great potentials in many applications such as
optical imaging, optical integration, and on-chip optical
communication.
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